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Soluble two-species diffusion-limited models in arbitrary dimensions
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A class of two-species~three-states! bimolecular diffusion-limited models of classical particles with hard-
core reacting and diffusing in a hypercubic lattice of arbitrary dimension is investigated. The manifolds on
which the equations of motion of the correlation functions close, are determined explicitly. This property
allows to solve for the density and the two-point~two-time! correlation functions in arbitrary dimension for
both, a translation invariant class and another one where translation invariance is broken. Systems with
correlated as well as uncorrelated, yet random initial states can also be treated exactly by this approach. We
discuss the asymptotic behavior of density and correlation functions in the various cases. The dynamics studied
is very rich.
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I. INTRODUCTION

Nonequilibrium statistical mechanics has witnessed
cently a resurgence of interest. Though over 50 years old
field is still in its infancy. Powerful concepts and tools a
being developed, and yet much progress remains to be d
The understanding of classical stochastic many-body
tems is of relevance to a wide class of phenomena in phy
and beyond. In this context, a class of models describ
diffusion-limited reactions plays an important role@1#. The
natural language to describe the stochastic dynamics oN
classical bodies is that of the master equation. Formally,
dynamics can be coded in an imaginary time Schro¨dinger
equation, where the Markov generator plays the role of
Hamiltonian~see, e.g., Refs.@1,2# and references therein!. In
the past, various representations in terms of spins, ferm
or bosons have been used depending on the physics b
emphasized. A powerful method that relies on bosonic fi
theory and the renormalization group has been applied
Cardy and collaborators to deal with low density systems
arbitrary dimensions~see, e.g., Ref.@3#!. In one spatial di-
mension alternative approaches have been proposed w
take into account the hard core of the classical particles~see,
e.g., Refs.@1,2# and references therein!. Since the pioneering
work of Glauber on the stochastic Ising model@4#, various
generalizations and extensions have appeared~e.g., Refs.
@5,6#! . A general approach has been proposed by Schu¨tz @7#.
The latter investigates the most general class of sin
species models of bimolecular diffusion-limited reactio
that can be solved exactly. Upon imposing constraints on
available manifold, the equations of motion of all correlati
functions close and, in that sense, the dynamics is comple
soluble. Via a duality transformation, Schu¨tz further shows
that on the 10-parametric soluble manifold, the spectrum
the stochastic Hamiltonian coincides with that of t
XXZ-Heisenberg model~see also Ref.@8#!. In Ref. @9#, Fujii
and Wadati extend Schu¨tz’s ideas to thes-species models o
bimolecular diffusion-limited reaction processes. These
thors derive the general constraints that allow for the eq
tions of motion of correlation functions to close and, sim
larly to the single species case, introduce a dual Hamilton
with identical spectrum. They further note that in the gene
multispecies case, the constraints of solubility~in the sense
1063-651X/2001/63~3!/036121~25!/$15.00 63 0361
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given above! do not seem to imply a simple relationship
integrable quantum Hamiltonians.

The generals-species bimolecular reaction–diffusion pr
cesses are characterized by (s11)42(s11)2 independent
parameters~reaction-rates! and we have to impose 2s3 con-
straints to close the hierarchy of the equations of motion
correlation functions. As few exact and explicit results f
thedynamicsof multispecies processes are available~in par-
ticular in dimensionsd.1, see the discussion at the end
Sec. III!, we decided to investigate in some details and g
erality the soluble two-species bimolecular diffusion-limite
reaction systems. In this paper, we focus on the two-spe
problem (s52) and obtain, in arbitrary dimension, exact r
sults. A particular physical application of this work to
three-statesgrowth model will be presented elsewhere@10#.

The paper is organized as follows: the remainder of t
section will be devoted to definitions and notations. In S
II, the equations of motion of the density and two-point co
relation functions are derived. The constraints that ensure
solubility of the problem are explicitly identified. We clas
sify the soluble manifolds which will be investigated in th
sequel. In the first part of Sec. III, we study the Fourie
Laplace transform of the density in the soluble case~on a
56-parameters manifold!. In the second part, we compute o
two manifolds the exact expression of the density in arbitr
dimensions. We provide the asymptotic behavior of the la
for three different initial conditions. At the end of Sec. III w
discuss the relationship between our results and the solu
of some models solved exactly in dimensiond>1 @11–16#.
In the first part of Sec. IV, we give the exact dynamic for
factor for an homogeneous and uncorrelated~yet random!
initial state. In the second part, we compute, in arbitra
dimension, the exact two-time two-point correlation fun
tions for random~homogeneous! uncorrelated as well as cor
related initial states~we discuss the sensitiveness of the s
tem to the presence of initial correlations!. Section V is
devoted to the study of the instantaneous two-points corr
tion functions on a manifold of translationally invariant mo
els. We first deal with the one-dimensional case, which
investigated for random uncorrelated as well as correla
initial states. Further, we consider the higher dimensio
case with random~yet homogeneous! and uncorrelated initial
states. The last section, is devoted to the conclusion.
©2001 The American Physical Society21-1
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For clarity and brevity’s sake, some definitions, as well
some technical details, are given in the appendixes.

Consider a hypercubic lattice of dimensiond with peri-
odic boundary conditions andN sites (N5Ld), whereL rep-
resents the linear dimension of the hypercube. Further
sume that local bimolecular reactions between speciesA and
B take place. Each site is either empty~denoted by the sym
bol 0) or occupied at most by one particle of typeA ~respec-
tively, B) denoted in the following by the index 1~respec-
tively, 2). The dynamics is parametrized by the transit
ratesGb1b2

b3b4 , whereb1 ,b2 ,b3 ,b450,1,2:

;~b1 ,b2!Þ~b3 ,b4!, Gb1b2

b3b4: b11b2→b31b4 .

~1!

Probability conservation implies

Gb1b2

a1b252 (
(b1 ,b2)Þ(b18 ,b28)

G
b1b2

b18b28 ~2!

with

Gb1b2

b3b4>0, ;~b1 ,b2!Þ~b3 ,b4!. ~3!

For example the rateG11
12 corresponds to the processA

1A→A1B, while conservation of probability leads toG11
11

52(G11
101G11

011G11
001G11

021G11
201G11

211G11
121G11

22).
The state of the system is determined by specifying

probability for the occurrence of configuration$n% at time t.
It is represented by the ket

uP~ t !&5(
$n%

P~$n%,t !u$n%&, ~4!
.
e
le

03612
s

s-

e

where the sum runs over the 3N configurations (N5Ld). At
site i the local state is denoted by the ketuni&5(100)T if the
site i is empty, uni&5(010)T if the site i is occupied by a
particle of typeA (1) and uni&5(001)T otherwise. It is by
now well known that the master equation governing the
namics of the systems can be rewritten as an imaginary-t
Schrödinger equation:

]

]t
uP~ t !&52HuP~ t !&, ~5!

where H is the Markov generator, also calledstochastic
Hamiltonian, which in general is neither Hermitian nor no
mal. The construction of thestochastic Hamiltonian Hfrom
the master equation follows a known procedure~see, e.g.,
Refs.@1,2,7,9#!. We define@1,2,7,9# the left vacuum^x̃u:

^x̃u[(
$n%

^$n%u. ~6!

Probability conservation yields the local equation~stochas-
ticity of H)

^x̃uH5 (
a51, . . . ,d

(
m

^x̃uHm,m1ea50⇒^x̃uHm,m1ea50,

~7!

whereea,1<a<d, designates, in Cartesian coordinates,
unit vector along thea direction.

The two-species local Markov generator acts on two
jacent sites, i.e.,
2Hm,m1ea51
G00

00 G01
00 G02

00 G10
00 G11

00 G12
00 G20

00 G21
00 G22

00

G00
01 G01

01 G02
01 G10

01 G11
01 G12

01 G20
01 G21

01 G22
01

G00
02 G01

02 G02
02 G10

02 G11
02 G12

02 G20
02 G21

02 G22
02

G00
10 G01

10 G02
10 G10

10 G11
10 G12

10 G20
10 G21

10 G22
10

G00
11 G01

11 G02
11 G10

11 G11
11 G12

11 G20
11 G21

11 G22
11

G00
12 G01

12 G02
12 G10

12 G11
12 G12

12 G20
12 G21

12 G22
12

G00
20 G01

20 G02
20 G10

20 G11
20 G12

20 G20
20 G21

20 G22
20

G00
21 G01

21 G02
21 G10

21 G11
21 G12

21 G20
21 G21

21 G22
21

G00
22 G01

22 G02
22 G10

22 G11
22 G12

22 G20
22 G21

22 G22
22

2 , ~8!
n a
be
where the same notations as in Ref.@9# have been used
Probability conservation implies that each column in th
above representation sums up to zero. Locally, the
vacuum^x̃u has the representation
-
ft

^x̃u5~111! ^ ~111!5~111111111!. ~9!

The action of any operator on the left vacuum has the
simple summation interpretation. This observation will
1-2
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crucial in the following computations. Below we shall a
sume an initial stateuP(0)& and investigate the expectatio
value of an operatorO ~observables such as density, etc.!,

^O&~ t ![^x̃uOe2HtuP~0!&. ~10!

II. DYNAMICAL EQUATIONS OF MOTION

Exploiting the properties of the left vacuum̂x̃u and de-
noting by ni

b ,bP$0,1,2% the occupation of sitei by a par-
ticle of typeb, we derive below the equations of motion
r
n
io
es

d

03612
the density and two-point correlation function. Forb50, ni
0

denotes the empty state at sitei, i.e.,

ni
0512ni

A2ni
B . ~11!

We evaluate the action ofH on the operatorsni
A ,ni

B , taking
into account the local nature of the Markov generator:

2^x̃unm
AHm,m6ea, 2^x̃unm

BHm,m6ea. ~12!

As an example, the first term in the above yields
2^x̃unm
AHm,m1ea5 (

g,d50,1,2
$~Ggd

101Ggd
111Ggd

12!^x̃unm
g nm1ea

d %

5^x̃u~G00
101G00

111G00
12!1@~G10

101G10
111G10

12!2~G00
101G00

111G00
12!#^x̃unm

A

1@~G01
101G01

111G01
12!2~G00

101G00
111G00

12!#^x̃unm1ea
A

1@~G20
101G20

111G20
12!

2~G00
101G00

111G00
12!#^x̃unm

B1@~G02
101G02

111G02
12!2~G00

101G00
111G00

12!#^x̃unm1ea
B

1@~G00
101G00

111G00
12!2~G01

101G01
111G01

12!1~G11
101G11

111G11
12!2~G10

101G10
111G10

12!#^x̃unm
Anm1ea

A

1@~G00
101G00

111G00
12!2~G02

101G02
111G02

12!1~G22
101G22

111G22
12!2~G20

101G20
111G20

12!#^x̃unm
Bnm1ea

B

1@~G00
101G00

111G00
12!2~G02

101G02
111G02

12!1~G12
101G12

111G12
12!2~G10

101G10
111G10

12!#^x̃unm
Anm1ea

B

1@~G00
101G00

111G00
12!2~G01

101G01
111G01

12!1~G21
101G21

111G21
12!2~G20

101G20
111G20

12!#^x̃unm
Bnm1ea

A ,

~13!
op-

ve
ose
where the use of Eq.~2! is required to substitute fo
G11

11,G10
10,G12

12. As expected, the stochastic Hamiltonian co
nects the one-body initial operator to a two-body express

The equation of motion for the density becom
~at sitem)

d

dt
^nm

A,B&~ t ![
d

dt
^x̃unm

A,Be2HtuP~0!&

52(
ea

^nm
A,B~Hm,m1ea1Hm2ea,m!&~ t !.

~14!

In order to determine the second moments, we also nee
evaluate the following terms:

2^x̃unm
Anm1ea

A Hm,m1ea, 2^x̃unm
Anm1ea

B Hm,m1ea ,

2^x̃unm
Bnm1ea

B Hm,m1ea; 2^x̃unm
Anm1ea

B Hm,m1ea. ~15!
-
n.

to

For the sake of illustration, the first term above yields

2^x̃unm
Anm1ea

A Hm,m1ea

5G00
11^x̃u1~G10

112G00
11!^x̃unm

A1~G01
112G00

11!^x̃unm1ea
A

1~G20
112G00

11!^x̃unm
B1~G02

112G00
11!^x̃unm1ea

B

1~G00
111G11

112G11
012G11

10!^x̃unm
Anm1ea

A

1~G00
111G22

112G02
112G20

11!^x̃unm
Bnm1ea

B

1~G00
111G12

112G02
112G10

11!^x̃unm
Anm1ea

B

1~G00
111G21

112G20
112G01

11!^x̃unm
Bnm1ea

A . ~16!

Notice that the evolution operator connects a two-body
erator to a two-body expression.

To compute the two-point correlation functions, we ha
to distinguish the sites that are nearest neighbors from th
1-3
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that are not. If the sitesm and n are not nearest neighbor
@dist(m,n).1#, the equation of motion reads

2
d

dt
^nm

A,Bnn
A,B&~ t !5(

a
@^~nm

A,BHm2ea,m!nn
A,B&~ t !

1^nm
A,B~nn

A,BHn2ea,n!&~ t !#

1(
a

@^~nm
A,BHm,m1ea!nn

A,B&~ t !

1^nm
A,B~nn

A,BHn,n1ea!&~ t !#. ~17!

while if the sites are nearest neighbors, we have

2
d

dt
^nm

A,Bnm1ea
A,B &~ t !

5^nm
A,Bnm1ea

A,B Hm,m1ea&~ t !

1(
a8

@^~nm
A,BHm2ea8,m!nm1ea

A,B &~ t !

1^nm
A,B~nm1ea

A,B Hm1ea,m1ea1ea8!&~ t !#

1 (
a8Þa

@^~nm
A,BHm,m1ea8!nm1ea

A,B &~ t !

1^nm
A,B~nm1ea

A,B Hm1ea2ea8,m1ea!&~ t !#. ~18!

The equations of motion ofn-points correlation functions
are obtained in a similar way, with help of~12! and~13! and
~15! and~16!. As is well known, the equations of motion o
classical ~or quantum! correlation functions constitute a
open hierarchy which is not soluble in general. However
we impose on the 34232572 bimolecular transition rate
involving two adjacent sites, the following 16 constrain
@see Appendix A for the definitions~A1! and ~A2!#:

~1! A2
a1A1

a1A0
a5G11

101G11
111G11

12,

~2! B2
a1B1

a1A0
a5G22

101G22
111G22

12,

~3! B2
a1A1

a1A0
a5G12

101G12
111G12

12,

~4! A2
a1B1

a1A0
a5G21

101G21
111G21

12,

~5! C2
a1C1

a1C0
a5G11

011G11
111G11

21,

~6! D2
a1D1

a1C0
a5G22

011G22
111G22

21,

~7! D2
a1C1

a1C0
a5G12

011G12
111G12

21,

~8! C2
a1D1

a1C0
a5G21

011G21
111G21

21,
~19!

~9! A2
b1A1

b1A0
b5G11

201G11
211G11

22,

~10! B2
b1B1

b1A0
b5G22

201G22
211G22

22,

~11! B2
b1A1

b1A0
b5G12

201G12
211G12

22,
03612
f

~12! A2
b1A0

b1B1
b5G21

201G21
211G21

22,

~13! C0
b1C1

b1C2
b5G11

021G11
121G11

22,

~14! C0
b1D1

b1D2
b5G22

021G22
121G22

22,

~15! C0
b1C1

b1D2
b5G12

021G12
121G12

22,

~16! C0
b1C2

b1D1
b5G21

021G21
121G21

22,

the equations of motion of the density and two-point cor
lation functions~and all multipoints correlation functions!
become closed. It is worth emphasizing that when the h
archy closes at the lowest level, i.e., at the level of the d
sity, the equations of motion ofall higher correlation func-
tions also close. This is a remarkable property. In
expressions~18! and~19!, the ratesGab

ab have not been made
explicit for brevity.

A general diffusion-limited two-species reaction model
defined on the manifold,Vpar5$Gab

gd 2$Gab
ab%ua,bP(0,1,2)%,

which has here 3429572 independent parameters. Let
denote byVsol the restriction ofVpar on the (72216556
parameters! manifold defined by the additional constrain
~19!: Vsol[Vparù~19!. The latter represents the manifold o
which the equations of motion of the correlation functio
are closed, i.e., the soluble manifold. We can further requ
translation invariance, i.e., ^nm

i nm1ur u
j &(t)5^n0

i nur u
j

&(t)
[G ur u

i j ,;r ,t @ i , j P(A,B)# and in particular ^nm
Ann

B&(t)
5^nm

Bnn
A&(t)[G un2mu

AB . Imposing the above conditions i
equations~17! and ~18! and taking into account the cond
tions of solubility~19!, we arrive at the manifoldVtransl– invar,
the restriction ofVsol on the translation invariant soluble dy
namics. Notice thatVtransl– invar(d)5VsolùV8(d), where
V8(d)5$E0

ab5E0
ba ; F1

ab1F2
ab1A0

bd1C0
b(d21)5F1

ba

1F2
ba1C0

bd1A0
b(d21); F3

ab1F4
ab1A0

a(d21)1C0
ad5F3

ba

1F4
ba1C0

a(d21)1A0
ad; H1

ab1H2
ab1(C2

a1B1
b)d1(A1

a

1D2
b)(d21) 5H1

ba1H2
ba1(A1

a1D2
b)d1(B1

b1C2
a)(d21) ;

A2
a1D1

b5B2
b1C1

a; G1
ba1C2

bd1A1
d(d21)5G1

ab1C2
b(d21)

1A1
bd; G2

ab1Ba
a(d21)1D2

ad5G2
ba1B1

ad1D2
a(d21); B2

a

5D1
a; A2

b5C1
b.% Therefore this manifold has 7221629

547 independent parameters. In practice, however
ther constraints may be required for the computations to
accessible. With this remark in mind, we define the ma
folds V95$A1

b1C2
b5A2

b5C1
b5B1

a1D2
a5B2

a5D1
a50% and

V-5$An
b 5 Bn

a5Cn
b 5 Dn

a 5 G2
a 5 G1

b 5 G1
ab 5 G2

ab 5 Hn
a,b

50 un51,2%.
Summarizing the cases that we will discuss in this pap
~i! For the case where translation invariance is broken,

shall compute the exact density on the manifoldV1, which
has 7221626550 independent parameters,

V1[ùVsolùV9. ~20!

~ii ! For the translation invariant case, we shall evalu
both, the density and two-point correlation function exac
on the manifoldV2(d),

V2~d![VsolùV8~d!ùV-[Vtransl– invar~d!ùV- ~21!

which has 47216531 independent parameters.
1-4
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To conclude this section, it is worth noting that there a
few cases in which the open hierarchy of equations of m
tion can be solved analytically. The class of single-spec
one-dimensional models for which the evolution opera
can be cast into afree fermionicform is an important ex-
ample. However, the procedure of free ‘‘fermionization
cannot be applied to higher dimensions and/or multispe
problems, contrary to the method followed here.

III. THE DENSITY: GENERAL DISCUSSION

In the first part of this section we compute exactly t
Fourier–Laplace transform of the density on t
56-parameters manifoldVsol, which is, as are correlation
functions, directly related to light scattering measurement
real reaction–diffusion systems@17–19#. The computation
on the most general soluble manifold is here manage
because the linear differential difference equations govern
the dynamics give rise to a 232 matrix, the properties o
which can be studied analytically. For higher order corre
tion functions and/or for thes-species case, withs.2, the
problem is however technically much harder~we shall come
back to the general case in a future work!. In the second par
of this section we provide the density of speciesA andB in
space and time, both in the translation invariant case and
situation where translation invariance is broken. On
manifold (VparùVsol).(Vtransl– invarùVsol), we have

d

dt
^nm

A&5~A0
a1C0

a!d1^nm
A&~ t !~A1

a1C2
a!d

1(
a

@A2
a^nm1ea

A &~ t !1C1
a^nm2ea

A &~ t !#

1^nm
B&~ t !~B1

a1D2
a!d1(

a
@B2

a^nm1ea
B &~ t !

1D1
a^nm2ea

B &~ t !#, ~22!

d

dt
^nm

B&5~A0
b1C0

b!d1^nm
B&~ t !~B1

b1D2
b!d

1(
a

@B2
b^nm1ea

B &~ t !1D1
b^nm2ea

B &~ t !#

1^nm
A&~ t !~A1

b1C2
b!d1(

a
@A2

b^nm1ea
A &~ t !

1C1
b^nm2ea

A &~ t !#. ~23!

Let us first consider the most general soluble case whic
characterized by the set of equations~22! and ~23!. The so-
lution of ~22! and~23! is split into the solution of the homo
geneous system̂nm

A&h(t) (^nm
B&h(t)) and a functionf A(t)

( f B(t)) that takes into account the inhomogeneity, i.e.,
03612
e
-
s
r

s

in

le
g

-

a
e

is

d

dt
f A~ t !5~A0

a1C0
a!d1 f A~ t !~A1

a1A2
a1C1

a1C2
a!d

1 f B~ t !~B1
a1B2

a1D1
a1D2

a!d, ~24!

d

dt
f B~ t !5~A0

b1C0
b!d1 f B~ t !~B1

b1B2
b1D1

b1D2
b!d

1 f A~ t !~A1
b1A2

b1C1
b1C2

b!d. ~25!

We introduce the Fourier transforms of^nm
A,B&h(t), i.e.,

^nm
A,B&h~ t !5 (

pW P1BZ
^n̂pW

A,B
&~ t !eipW .m⇔^n̂pW

A,B
&~ t !

5
1

Ld (
m

^nm
A,B&h~ t !e2 ipW .m, ~26!

where the sum onpW runs over the first Brillouin zone (1.BZ)
The solution of the homogeneous problem in Fourier sp
reads

S ^n̂pW
A
&~ t !

^n̂pW
B
&~ t !D 5eM(p)tS ^n̂pW

A
&~ t50!

^n̂pW
B
&~ t50!D , ~27!

whereMi , j (p),(i , j )P(1,2) is as3s5232 matrix with the
entries

M1,1~p!5~A1
a1C2

a!d1(
a

~A2
aeipW .ea1C1

ae2 ipW .ea!,

M1,2~p!5~B1
a1D2

a!d1(
a

~B2
aeipW .ea1D1

ae2 ipW .ea!,

~28!

M2,1~p!5~A1
b1C2

b!d1(
a

~A2
beipW .ea1C1

be2 ipW .ea!,

M2,2~p!5~B1
b1D2

b!d1(
a

~B2
beipW .ea1D1

be2 ipW .ea!.

The eigenvalues of the matrixM, which represent the in-
verse relaxation times of the system, control the asympt
behavior of the density,

l6~p!5
M1,1~p!1M2,2~p!

2

6
A@M1,1~p!2M2,2~p!#214M1,2~p!M2,1~p!

2
.

~29!

It has been shown in considering the one-dimensio
alternating-bonds Ising model obeying Glauber’s dynam
@20# that the relaxational eigenvalues of the analog of
matrix M allow to identify the critical~but nonuniversal!
behavior: it is determined by the long wavelengthp modes of
1-5
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the analog of the acousticl2 branch. One-dimensiona
alternating-bonds (J1.J2.0) Ising model, with Glauber’s
dynamics, exhibits a nonuniversal critical dynamical exp
nentz511(J1 /J2) @20#.

In the sequel we shall need the zero-momentum 232
matrix M(p50)[M(0),

M1,1~0!5~A1
a1A2

a1C1
a1C2

a!d,

M1,2~0!5~B1
a1B2

a1D1
a1D2

a!d,

M2,1~0!5~A1
b1A2

b1C1
b1C2

b!d,

M2,2~0!5~B1
b1B2

b1D1
b1D2

b!d,

whose eigenvalues we shall denote, for short,

g65l6~p50!.

Notice that atp50, TrM(0),0 and detM(0)>0.
We are now in a position to compute the Fourier–Lapla

transform S 0
A,B(pW ,v) of the density: S 0

A,B(pW ,v)

[(1/Ld)(m*0
`dt e2 ipW .m2vt^nm

A,B&(t).
We consider initial states ^n̂p

A,B&(0)5(1/

Ld)(m^nm
A,B&(0)e2 ipW .m@↔^nm

A,B&(0)5(pW P1BZ^n̂p
A,B&(0)eipW .m#

and assume that the matrixM(p) is regular @i.e.,
detM(p)Þ0]. We shall distinguish four cases.

~1! We assume that the matrixM(p) is diagonalizable,
i.e.,l1(p)Þl2(p), but not triangular,M1,2(p)Þ0, and ob-
tain

S 0
A~pW ,v!5

1

l2~p!2l1~p! Fl2~p!2M1,1~p!

v2l1~p!

2
l1~p!2M1,1~p!

v2l2~p! G^n̂p
A~0!&

1
M1,2~p!^n̂p

B~0!&

@v2l1~p!#@v2l2~p!#

1
dp,0

g22g1
$@g22M1,1~0!#~A0

a1C0
a!d

2M1,2~0!~A0
b1C0

b!d%
1

v~v2g1!

2
dp,0

g22g1
$@g12M1,1~0!#~A0

a1C0
a!d

2M1,2~0!~A0
b1C0

b!d%
1

v~v2g2!
~30!

and
03612
-

e

S 0
B~pW ,v!5^n̂p

B~0!&Fl2~p!2M1,1~p!

v2l2~p!
2

l1~p!2M1,1~p!

v2l1~p! G
2F @l1~p!2M1,1~p!#@l2~p!2M1,1~p!#

M1,2~p!~v2l1~p!!~v2l2~p!! G
3^n̂p

A~0!&1
dp,0

g22g1
F @g22M1,1~0!#

M1,2~0!
~A0

a

1C0
a!d2~A0

b1C0
b!dG g12M1,1~0!

v~v2g1!

2
dp,0

g22g1
F @g12M1,1~0!#

M1,2~0!
~A0

a1C0
a!d

2~A0
b1C0

b!dG g22M1,1~0!

v~v2g2!
. ~31!

Notice that the inhomogeneous part of the equations of m
tion give rise to a zero-momentum contribution which w
shall omit hereafter. As expected the poles in thev plane
occur at the relaxational eigenvalues.

~2! Next consider the case where the matrixM(p) is
nondiagonalizable and nontriangular:l(p)5l1(p)
5l2(p)5@M1,1(p)1M2,2(p)#/2 andM1,1(p)ÞM2,2(p) .
We can computeeM(p)t with the help of a Jordan decompo
sition of the matrixM(p), namely,

eM(p)t5P~p!eM8(p)tP21~p!, ~32!

where P is a regular 232 matrix and M8(p)5M1(p)
1M2(p) is the sum of a diagonal matrixM1 and a Jordan-
block matrix.M2(p) is chosen such that@M1(p),M2(p)#
50. M2(p) is nilpotent@(M2(p))250#. Thus,

eM(p)t5P~p!eM8(p)tP~p!21

5S a~p! e~p!

b~p! d~p!
D S el(p)t l~p!tel(p)t

0 el(p)t D
3S d~p! 2e~p!

2b~p! a~p!
D 1

@a~p!d~p!2b~p!e~p!#
,

~33!

with

P~p!5S a~p! e~p!

b~p! d~p!
D ~34!

which entries are

a~p![
l~p!

M1,1~p! S 11
M1,2~p!M2,1~p!

detM~p! D ,

b~p![2
l~p!M2,1~p!

detM~p!
,

e~p![
l~p!@M2,2~p!2M1,2~p!#

detM~p!
,

1-6
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d~p![
l~p!

M1,2~p! S 12
M1,1~p!@M2,2~p!2M1,2~p!#

detM~p! D .

~35!

The matrixP(p) is regular@detP(p)Þ0)] if M(p) is regu-
lar. This decomposition leads to the form factors (pW Þ0).

S 0
A~pW ,v!5

1

v2l~p! F ^n̂p
A&~0!2

l~p!

@v2l~p!#detP~p!

3@a2~p!^n̂p
B&~0!2a~p!b~p!^n̂p

A&~0!#G .
~36!

S 0
B~pW ,v!5

1

v2l~p! F ^n̂p
B&~0!2

l~p!

@v2l~p!#detP~p!

3@a~p!b~p!^n̂p
B&~0!2b2~p!^n̂p

A&~0!#G .
~37!

Notice that l1(p)5l2(p)5l(p)5@M1,1(p)
1M2,2(p)#/2, imply the following relations on the reactio
rates:

(
b,b850,1,2

~G10
b2G20

b811G00
b1G00

b82!

< (
b,b850,1,2

~G10
b2G00

b811G00
b2G20

b81!,

(
b,b850,1,2

~G01
2bG02

1b81G00
1bG00

2b8!

< (
b,b850,1,2

~G00
2bG02

1b81G00
1bG01

2b8!,

(
b,b850,1,2

@G20
1bG10

2b81G20
1bG01

b821G02
b1G01

b821G02
b1G10

2b8

1~G00
1b1G00

b1!~G00
2b81G00

b82!]

< (
b,b850,1,2

@~G00
1b1G00

b1!~G00
2b81G00

b82!

1~G20
1b1G02

b1!~G00
2b81G00

b82!],

(
b,b850,1,2

~G02
1bG10

b821G00
1bG00

b821G00
2bG00

b811G00
b1G01

2b8!

5 (
b,b850,1,2

~G00
1bG10

b821G00
b2G02

1b1G01
2bG20

b81

1G00
2bG00

b81!,
03612
(
b,b850,1,2

@G01
1bG10

b811G02
2bG20

b8224G01
2bG02

1b824G00
1bG00

2b8

14G00
2bG02

1b814G00
1bG01

2b82~G00
1b2G00

2b!~G00
b812G00

b82!#

5 (
b,b850,1,2

@G02
2bG10

b811G01
1bG20

b822~G00
1b2G00

2b!

3~G01
1b82G02

2b8!2~G00
b12G00

b2!~G10
b812G20

b82!]. ~38!

These are necessary conditions~but not sufficient! for the
matrix M(p) to be nondiagonalizable. This means in tu
that it is sufficient~but not necessary! that one of the rela-
tions ~38! be violated for the matrixM(p) to be diagonaliz-
able.

If M2,1(p)50, the matrixM(p) is triangular, i.e.,

A1
b1C2

b5A2
b5C1

b50, ~39!

which in terms of reaction rates imply

(
b50,1,2

~G10
2b1G01

b22G00
2b2G00

b2!

5 (
b50,1,2

~G01
2b2G00

2b!

5 (
b50,1,2

~G10
b22G00

b2!. ~40!

So for example, ifG00
2b5G00

b25G01
2b5G10

b25G01
b25G10

2b , the
relations~40! are fulfilled.

If the matrix M is diagonal, i.e.,M2,1(p)5M1,2(p)
50, and in addition to~39! and ~40!, we have

B1
a1D2

a5B2
a5D1

a50

⇒ (
b50,1,2

~G20
1b1G02

b12G00
1b2G00

b1!

5 (
b50,1,2

~G02
1b2G00

1b!

5 (
b50,1,2

~G20
b12G00

b1!. ~41!

As an example, relations~39!–~41! are fulfilled if one has
G00

1b5G00
b15G02

1b5G20
b15G02

b1 and G00
2b5G00

b25G01
2b5G10

b2

5G10
2b5G01

b2 .
It follows from this discussion that when the reactio

rates, in addition to the solubility constraints~19!, also vio-
late conditions~39! and one of the relations~38! which are
sufficientbut notnecessary, the first case applies. When, i
addition to ~19!, the relations~38!, are fulfilled @recall that
~38! arenecessarybut notsufficientconstraints# and the con-
ditions ~39! are violated, then the second case applies. W
reaction rates satisfy~39!–~40! in addition to the relation
~19!, then the third case~see below! applies.
1-7
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Similarly, when reaction-rates satisfy~39!–~41! in addi-
tion to the relation~19!, then the fourth case~see below!
applies.

~3! If M2,1(p)50, the matrixM(p) is triangular, thus
the eigenvalues ofM(p) are M1,1(p) and M2,2(p). We
have already discussed the physical implication of this c
@see Eq.~40! above#, and we have (pW Þ0),

eM(p)t5eM1,1(p)tS 1 M1,2~p!t

0 1 D ~42!

which leads to (pW Þ0)

S 0
A~pW ,v!5

1

v2M1,1~p! F ^n̂p
A&~0!1

M1,2~p!

v2M1,1~p!
^n̂p

B&G ,
S 0

B~pW ,v!5
^n̂p

B&~0!

v2M1,1~p!
. ~43!

~4! If both M2,1(p)5M1,2(p)50, the matrixM(p) is
already diagonal@see ~40!#, and the form factors read
(pW Þ0),

S 0
A~pW ,v!5

^n̂p
A&~0!

v2M1,1~p!
, S 0

B~pW ,v!5
^n̂p

B&~0!

v2M2,2~p!
.

~44!

In the sequel we focus on the case where the ma
M(p) is diagonal and provide explicit expressions in re
space and time for the density. This is equivalent to impos
the six supplementary conditions characterizingV1 @see
~39!–~41!#, B1

a1D2
a5B2

a5D1
a5A1

b1C2
b5A2

b5C1
b50. Let

us first compute the density for the case where transla
invariance is broken, i.e., the manifoldV1.V2 of dimension
722(1616). With the above constraints, the densities ob
the following equations of motion:

d

dt
^nm

A&5~A0
a1C0

a!d1^nm
A&~ t !~A1

a1C2
a!d

1(
a

@A2
a^nm1ea

A &~ t !1C1
a^nm2ea

A &~ t !#, ~45!

d

dt
^nm

B&5d~A0
b1C0

b!1^nm
B&~ t !~B1

b1D2
b!d

1(
a

@B2
b^nm1ea

B &~ t !1D1
b^nm2ea

B &~ t !#. ~46!

In order to discuss the solutions of these equations, i
convenient to define the following quantities:mA

[AC1
a/A2

a, mB[AD1
b/B2

b, CA[AA2
aC1

a, and CB

[AB2
bD1

b. Furthermore, we introduceBA[2(A1
a1C2

a)<0,
BB[2(B1

b1D2
b)<0, gA[A1

a1A2
a1C1

a1C2
a<0, gB[B1

b

1B2
b1D1

b1D2
b<0, and e j[ ln mj , j5A,B. A site on the

hypercube is denoted bym with d components: m
5(m1 , . . . ,mi , . . . ,md).
03612
e
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Exploiting the well-known properties of Bessel function
@ j P(A,B)#, we arrive at

^nm
j &~ t !5r j~`!~12e2dug j ut!

1e2du Bj /2 ut (
m5(m18 , . . . ,md8)

^nm8
j &~0!

3 )
i 51, . . . ,d

m
j

mi2mi8I mi2m
i8
~2Cjt !. ~47!

The steady densities are, respectively,rA(`)5@(A0
a

1C0
a)/2ugAu#, andrB(`)5@(A0

b1C0
b)/2ugBu#. Below, we in-

vestigate three different cases.
~i! The (t50) initial density~for each species! is given by

r j ,

^nm8
j &~ t50!5r j~0!dm,m8. ~48!

The asymptotic behavior is then (mi@1 anduj5L2/4uCj ut)

^nm
j &~ t !;r j~`!1c m

j e2Q j t

tf j
, ~49!

where cm
j are known functions. Further, we assumeug j u

.0, since for ug j u50, Eq. ~19! tells us that ^nm
j &(t)

5r j (`)5r j (0)5cste,;t, where

Q j5minFdug j u,dS uBj u
2

2uCj u~21e2/2! D G , ~50!

f j5H 0 if Q j5dug j u.0

d/2 if Q j5dS uBj u
2

2uCj u~21e j
2/2! D .

~51!

For Q50 andgÞ0, the density decays algebraically, i.e
^nm

j &(t);r j (`)1c m
j t2d/2.

~ii ! Initially, the particles~for each species! are confined
in some region of space, i.e.,

^nm
j &~ t50!5H n0

j if 0<mi<L/2

0 otherwise,
~52!

^nm
j 8Þ j&~ t50!5H n0

j 8 if L/2,mi<L

0 otherwise.
~53!

We have then

nm
j ~ t !;r j~`!1e2Q j tS c m,1

j 1
c m,2

j

tf j
D , ~54!

whereQ j has been defined in~50! and for r 5m2m8, ur u
@1, r 2/Ct,`:

f j5H 0 if Q j5dug j u.0

1 if Q j5dS uBj u
2

2Cj~21e j
2/2! D .

~55!
1-8
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If Q50 andgÞ0, the density decays as a power law, i.
^nm

j &(t);r j (`)1@cm,1
j 1(cm,2

j /t)#.
~iii ! The initial distribution of particles is assumed to b

nonuniform, i.e.,

^nm
j &~ t50!5H n0

j if m50

n0
j )
i 51, . . . ,d

~12dmi ,0
!umi u2a i if umu.0.

~56!

With ~56!, we arrive at (mi@1 anduj5L2/4Cjt)

^nm
j &~ t !;r j~`!1c m

j e2Q j t

tf j
. ~57!

When

Q j5dF uBj u
2

2Cj S 21
e j

2

2 D G ,
decays as~59!, with

f j5H (
i

a i

2
if 0<a i,1

d

2
if a i>1.

~58!

Again, asQ j50, Eq. ~58! holds.
Notice the crossover ata i5a51, where the density de

cays as

^nm
j &~ t !;r j~`!

1c m
j S e2d$(uBj u/2)2uCj u[21(e j

2/2)]%tF ln~4uj uCj ut !

2A4puCj ut
G dD .

By contrast, whenQ j5dug j u.0, the density behaves a
^nm

j &(t);r j (`)1c m
j e2dug j ut. Here we have restricted ou

attention to the case where 0,a i,1, ; i ,0,a i,1, while in
general we could consider different regimes in the differ
directions~for example, 0,a1,1, a151, anda1.1). The
corresponding asymptotic behavior follows as above.

To conclude this section let us focus on the manifoldV2,
where the density is translationally invariant. On account
~46!, we obtain two coupled linear differential equatio
which are easily integrated. The result is

r j~ t !5r j~`!1@r j~0!2r j~`!#e2dug j ut. ~59!

The above solution allows us to solve for the correlat
functions onV2(d). These in turn will be useful to solve
perturbatively the problem on the manifoldVtransl–invar(d).

Let us now discuss the relationship between our res
and the solution of some models solved exactly ind>1 @11–
15# earlier.

In Ref. @11#, Clément et al., solved exactly~the fast ad-
sorption rates version! of the Fichthorn, Gulari, and Ziff
~FGZ! model @12# introduced to describe the conversion
03612
,

t

f

ts

CO and O to CO2 on platinum substrates. The model solv
in Ref. @11# describes the dynamics of classical stochas
particles of two species~called A and B) with hard-core
constraint, and so our approach applies to this model. Ho
ever, as the system solved in Ref.@11# is a two-states mode
~in Ref. @11#, the stochastic variable is a ‘‘spin variable’’zj

561, 11 corresponding to anA particle and21 to a B
particle at sitej ). In this model there are no vacancies, it
not in the class of~three-states! models which we specifi-
cally study there. It is, however, possible to recover previo
results@11# considering the system@11# in the framework of
the two-statesanalog of our approach@7,9#. To do so we
relabel Clément et al. B particles by vacancies symbolize
by 0 ~the A particles are symbolized by 1), thus reactio
occurring in Ref.@11# are described by the rates:G11

105G11
01

5G00
105G00

015p/4; G10
015G01

1051/4d; G10
005G10

115G01
115G01

00

5p/411/4d; G11
115G00

0052p/2; and G10
105G01

0152(p/2
13/4d). For such systems~wheres51), the 2s352 solu-
bility constraints, which are the analogs of~19!, read@7,9#
G10

001G00
101G10

011G00
115G11

001G11
011G01

101G01
11 and G01

001G00
01

1G01
101G00

115G11
001G11

101G10
011G10

11. These constraints ar
fulfilled for the previous choice of rates~similar to the choice
of @11#! and thus the dynamics of the system is soluble
arbitrary dimensions, i.e., the equations of motion of the c
relation functions are closed and obtained as in~14!, ~17!,
and~18!. As an example, for the density we have the follo

ing equation of motion@7#: (d/dt)^ñ j&5B1(6a(^ñ j 1a&
2^ñ j&)2p^ñ j 1a&, where ñ j[nj2

1
2 and B15G10

011G10
11

2G00
012G00

1151/2d are the same quantities defined in Re

@7#. Noting that in language of Ref.@11# g j[^zj&52^ñ j&, we
recover the result of Ref.@11#: (d/dt)g j5(1/2d)ng j

2pg j , whereng j[(6a(g j 1a2g j ). Similarly we can re-
produce the~closed! equations of motion for higher correla
tion functions. Saturation phenomena as in Ref.@11# should
also occur in the class of three states models. However,
analytical treatment would be more complex than in R
@11# two-states models.

Let us sketch the strategy which one should follow to tr
saturation in the models considered here. For translation
invariant systems one should solve a~linear! differential-
difference systems of coupled equations describing equat
of motion of correlation functionŝnm

i nl
j&(t), j P(A,B) pay-

ing due attention to the boundary termsm5 l and um2 l u
51 ~see also Sec. V!. This system is solved in Fourier spac
and involves a general 333 matrix with nonconstant entries
One should, as it has been done for the density, caref
discuss the properties of this matrix, which is a techni
matter. In fact such a study should be carried out for so
specific model.

A further two-states model which can be solved exactly
d>1 is the Voter model~see, e.g., Ref.@16#! described by
the reactions ratesG5G01

005G10
005G01

115G01
11.0. Since this

model fulfills the previous ‘‘two-states’’solubility con-
straints, it is soluble in arbitrary dimensions. With thetwo-
statesanalog of~14!, ~17!, and ~18! we obtain the~closed!
equations of motion of the correlation functions. As an e
1-9
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ample, for the density, we have@16# d/dt^nj&
52G(a(^nj 1a&1^nj 2a&22^nj&).

Another important model which has been studied rig
ously in dimensionsd>1 is the ~irreversible! reaction A
1B→B1B. For this model, Bramson and Lebowitz@14#
obtained, rigorously, upper and lower bounds for the lo
time behavior of densities. However, systems considere
these works, Ref.@14#, allow the multiple occupancy of a sit
by particles of the same species. Later, Belitsky@15# gener-
alized the study of Ref.@14# to the case of hard-core particle
reacting according toA1B→B1B @with ratesG12

005G21
00

5G(51)] and A1B↔B1A; B1B↔B1B ~with rates
G10

015G01
105G20

025G02
2051). He obtained rigorously an uppe

bound for long-time behavior of the density@for an uncorre-
lated initial state with equal species densities:rA(0)
5rB(0)<1/2]: ;e.0,'T(e),`, so that for t.T(e),
r t→`(t)<t2d/41e, for d<4 andr t→`(t)<C!t21, for d.4;
where C! is a positive constant. We can now wond
whether such a model can be dealt with in our approach
the model considered by Belitsky is athree-statesmodel, the
equations of motion of correlation functions are given
~14!, ~17!, and ~18! with A2

a5C1
a5B2

b5D1
b52A1

a52B1
b

52C2
a52D2

b51 and A0
a5B1

a5B2
a5D1

a5D2
a5A0

b5A1
b

5A2
b5C0

b5C1
b5C2

b50. Unfortunately the solubility con-
straints~19! are not fulfilled for such a model~consider, e.g.,
the fourth constraint:A2

a1B1
a1A0

a5G21
101G21

111G21
12⇒G50,

but in this modelG51) and the equations of motion giv
rise to an open hierarchy which cannot be solved.

Results ind>1 have also been obtained by approxima
methods~mean-field theories!, and/or by scaling and heuris
tic arguments~see, e.g., Ref.@1# and references therein!. As
an illustration of these studies let us consider the work
Toussaint and Wilczek. In Ref.@13#, a system of two specie
A andB reacting according toA1B→B1B, in addition to
their diffusive motion, is studied numerically and an appro
mate method for calculating the densities at long times
proposed@for system with equal densities :rA(0)5rB(0)].
Approximate results@13# predict r(t);t2d/4, in agreement
with Bramson, Lebowitz@14#, and Belitsky @15# rigorous
results in the one-dimensional case, but in disagreemen
higher dimensionsd.1. The approach in Ref.@13# is a con-
tinuum macroscopic approach and cannot take into acc
the hard-core constraint of the particles . In addition, it ta
into account of fluctuations in an approximate and unc
trolled way. It is therefore difficult to compare their metho
with the microscopic exact results presented here.

In sum we have seen that the two-states formulation@7# of
the method discussed here allows to recover some prev
exact results in arbitrary dimensions@11,16# for the stochas-
tic models of hard-core particles. Our approach applied
three-states models~of hard-core particles! is in a sense
complementary to the rigorous results of@15# and is useful to
describe exactly physical models such as athree-states
growth model@10#.

IV. NONINSTANTANEOUS CORRELATION FUNCTIONS

To our knowledge, the only exact computations of tw
time correlation functions in nonequilibrium statistical m
03612
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in

s

f

-
is

in

nt
s
-

us

n

-

chanics that are available are those for single-species mo
in particular for one-dimensional models which can
mapped onto free fermion@18,19,22# and other related
@21,16# models. These exact results are useful, as star
points for perturbative calculations or for checking numeri
computations. This section is devoted to the study of
50-parametric manifoldV1. We are interested in the density
density correlation functions

^nm
i ~ t !nl

j~0!&[^x̃unm
i e2Htnl

j uP~0!&

5^x̃unm
i e2HtuP8~0!&, i , j P~A,B!,

~60!

where uP(0)& denotes the initial state of the system. Fro
the above we see that the evaluation for the correlation fu
tion with respect to the initial stateuP(0)& is equivalent to
computation of the density of particles of speciesi at sitem
for a system in an initial state described byuP8(0)&
[nl

j uP(0)&.
We now distinguish the case where correlations are ab

in the initial ~with broken translation invariance! state from
that where they are present.

A. Noninstantaneous two-point correlation functions for
uncorrelated initial states

In this section we assume uncorrelated initial states wit
random and translationally invariant distribution of particl
of type A @density rA(0)] and of type B @density rB(0)].
Therefore in our notationsuP(0)& becomes

uP~0!&5S 12rA~0!2rB~0!

rA~0!

rB~0!
D ^ Ld

. ~61!

So that we have

^nm
A~0!nl

A~0!&5rA~0!dm,l1rA~0!2~12dm,l !,

^nm
B~0!nl

B~0!&5rB~0!dm,l1rB~0!2~12dm,l !, ~62!

^nm
A~0!nl

B~0!&5^nm
B~0!nl

A~0!&5rA~0!rB~0!~12dm,l !.

We begin this section by computing explicitly the Fourie
Laplace transform of the two-points noninstantaneous co
lation functions, i.e., the dynamic form factors measured
the light scattering experiments@17,19#

S 1
i j ~pW ,v![

1

Ld (
m8[m2 l

E
0

`

dt e2 ipW .m82vt^nm
i ~ t !nl

j~0!&

5
1

Ld (
m8[m2l

E
0

`

dt e2 ipW .m82vt^nm85m2 l
i

~ t ! n 0
j ~0!&,

~ i , j !P~A,B!. ~63!
1-10
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Using the results of the preceding section and assum
regularity and diagonalizability ofM(p), we find for the
dynamic form factors

S 1
AA~pW ,v!5

1

l2~p!2l1~p! Fl2~p!2M1,1~p!

v2l1~p!

2
l1~p!2M1,1~p!

v2l2~p! G@„rA
2~0!1rA~0!…dp,0

2rA~0!#1
M1,2~p!@rA~0!rB~0!#~dp,021!

@v2l1~p!#@v2l2~p!#

1
dp,0

g22g1
@„g22M1,1~0!…~A0

a1C0
a!d

2M1,2~0!~A0
b1C0

b!d#
1

v~v2g1!

2
dp,0

g22g1
@„g22M1,1~0!…~A0

a1C0
a!d

2M1,2~0!~A0
b1C0

b!d#
1

v~v2g2!
, ~64!

S 1
AB~pW ,v!5

1

l2~p!2l1~p! Fl2~p!2M1,1~p!

v2l1~p!

2
l1~p!2M1,1~p!

v2l2~p! GrA~0!rB~0!~dp,021!

1
M1,2~p!@„rB

2~0!1rB~0!…dp,02rB~0!#

@v2l1~p!#@v2l2~p!#

1
dp,0

g22g1
@„g22M1,1~0!…~A0

a1C0
a!d

2M1,2~0!~A0
b1C0

b!d#
1

v~v2g1!

2
dp,0

g22g1
@„g22M1,1~0!…~A0

a1C0
a!d

2M1,2~0!~A0
b1C0

b!d#
1

v~v2g2!
~65!

and

S 1
BB~pW ,v!5@„rB

2~0!1rB~0!…dp,02rB~0!#

3Fl2~p!2M1,1~p!

v2l2~p!
2

l1~p!2M1,1~p!

v2l1~p! G
2F @l1~p!2M1,1~p!#@l2~p!2M1,1~p!#

M1,2~p!~v2l1~p!!~v2l2~p!! G
3rA~0!rB~0!~dp,021!1

dp,0

g22g1

3F @g22M1,1~0!#

M1,2~0!
~A0

a1C0
a!d2~A0

b1C0
b!dG

3
g12M1,1~0!

v~v2g1!
2

dp,0

g22g1
F @g12M1,1~0!#

M1,2~0!
03612
g
3~A0

a1C0
a!d2~A0

b1C0
b!dG g22M1,1~0!

v~v2g2!
,

~66!

S 1
BA~pW ,v!5rA~0!rB~0!~dp,021!Fl2~p!2M1,1~p!

v2l2~p!

2
l1~p!2M1,1~p!

v2l1~p! G
2F @l1~p!2M1,1~p!#@l2~p!2M1,1~p!#

M1,2~p!@v2l1~p!#@v2l2~p!# G
3@„rA

2~0!1rA~0!…dp,02rA~0!#

1
dp,0

g22g1
F @g22M1,1~0!#

M1,2~0!
~A0

a1C0
a!d

2~A0
b1C0

b!dG g12M1,1~0!

v~v2g1!
2

dp,0

g22g1

3F @g12M1,1~0!#

M1,2~0!
~A0

a1C0
a!d

2~A0
b1C0

b!dGg22M1,1~0!

v~v2g2!
. ~67!

Again the poles of the dynamic form factors give the rela
ational eigenvalues. As in the preceding section, we co
also compute the correlation functions in the case wh
M(p) is nondiagonalizable, triangular or already diagon
but for brevity’s sake we prefer to focus here on the non
stantaneous correlation functions on the 50-parameters m
fold V1.

With the help of Eqs.~45!–~47!, we obtain the noninstan
taneous two-point correlation functions on the manifoldV1
as

^nm
A~ t !nl

A~0!&5rA~`!~12e2dugAut!

1rA
2~0!e2dugAut1@rA~0!2rA

2~0!#

3 )
a51 . . .d

mA
ma2 l ae2 ~ uBAut/2!I ma2 l a

~2CAt !,

~68!

^nm
A~ t !nl

B~0!&5rA~`!~12e2dugAut!1rA~0!rB~0!

3Fe2dugAut2 )
a51, . . . ,d

mA
ma2 l ae2 ~ uBAut/2!

3I ma2 l a
~2CAt !G , ~69!

^nm
B~ t !nl

B~0!&

5rB~`!~12e2dugBut!1rB
2~0!e2dugBut1@rB~0!

2r B
2~0!] )

a51, . . . ,d
mB

ma2 l ae2 ~ uBBut/2!I ma2 l a
~2CBt !,

~70!
1-11
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^nm
B~ t !nl

A~0!&

5rB~`!~12e2dugBut!1rA~0!rB~0!

3Fe2dugBut2 )
a51, . . . ,d

mB
ma2 l ae2 ~ uBBut/2!

3I ma2 l a
~2CBt !G ~71!

with the notations,rW[(ar aea , e i
W[e i(aea , and r a5ma

2 l a5sL. We are interested in the asymptotic behav
@ uCj ut@1,j P(A,B) and uj5L2/4uCj ut,`] of the above
correlation functions in two regimes:~i! when um2 l u[ur u
[((a51, . . . ,dr a

2)1/2;L@1, in this cases5r /L5O(1); ~ii !
when um2 l u[ur u!1, in this cases5r /L5O(1/L).

It is worth noting that the autocorrelation function
~where um2 l u50) are obtained in the second regimes~ii !.
With the above, we finally arrive at

^nm
A~ t !nl

A~0!&5rA~`!~12e2dugAut!1rA
2~0!e2dugAut

1 expS 2 ds2 uA

2
~rW2eWAuCAut !2

2uCAut D e2[( uBAu/2)2uCAu(21eA
2 /2)]t

3F @rA~0!2rA
2~0!#e2ds2uA

~4puCAut !d/2
1O~1/td!G ,

~72!

^nm
A~ t !nl

B~0!&5rA~`!~12e2dugAut!1rA~0!rB~0!e2dugAut

1 expS 2 ds2 uA2
~rW2eWAuCAut !2

2uCAut D
3e2d[( uBAu/2)2uCAu(21eA

2 /2)]trA~0!rB~0!

3F12
e2ds2uA

~4puCAut !d/2
1O~1/td!G , ~73!

^nm
B~ t !nl

B~0!&5rB~`!~12e2dugBut!1rB
2~0!e2dugBut

1 expS 2ds2uB2
~rW2eWBuCBut !2

2uCBut D
3e2d[( uBBu/2)2uCBu(21eB

2 /2)]t

3F @rB~0!2rB
2~0!#e2ds2 uB

~4puCAut !d/2
1O~1/td!G ,

~74!
03612
r

^nm
B~ t !nl

A~0!&5rB~`!~12e2dugBut!1rA~0!rB~0!e2dugBut

1 expS 2ds2uB2
~rW2eWBuCBut !2

2uCBut D
3e2d[( uBBu/2)2uCBu(21eB

2 /2)]trA~0!rB~0!

3F12
e2ds2 uB

~4puCBut !d/2
1O~1/td!G . ~75!

In the regimeuBi u5uCi u(21e i
2/2d), i P(A,B), the two-

point correlation functions decay as

^nm
i ~ t !nl

j~0!&;

expS 2 ds2 ui2
~rW2eW i uCi ut !2

2uCi ut
D

uCi utd/2

~ i , j !P~A,B!. ~76!

Note the nontrivial dependence on dimensionality and
drift term in

expS 2 ds2 ui2
~rW2eW i uCi ut !2

2uCi ut
D , ~e iÞ0!.

We remark that this is consistent with the result obtained
one dimension for free fermions@19#. If e i50, than there is
no drift:

expS 2 ds2 ui2
~rW2eW i uCi ut !2

2uCi ut
D 51.

B. Noninstantaneous two-point correlation functions onV1:
Correlated initial states

Let us consider correlated initial states described b
distribution having the following properties:~i! when
dist(m2 l ).0,

^nm
i ~0!nl

j~0!&5Ki j )
a51, . . . ,d

~12d r a,0!ur au2D i j
a
,

D i j .0, Ki j .0, r a[uma2 l au, ~ i , j !P~A,B!;
~77!

~ii ! whenm5 l ,

^nm
i ~0!nl

j~0!&5^nm
i ~0!&d i , j5^nl

j~0!&d i , j5r i~0!d i , j .
~78!

The initial distribution in this section has been chosen in
special form, namely in such a way that computations can
carried out explicitly to the end. There isa priori no physical
justification for such a choice, which has already been c
sidered in Ref.@21# for a single-species reaction-diffusio
system. However and most importantly, our goal here is
investigate the dependence of the asymptotics on the in
correlations.
1-12
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We remark that in one dimension the initial state~77! and
~78! is translationally invariant,

^nm
i ~0!nl

j~0!&5^nur u5um2 l u
i ~0!n0

j ~0!&

5Ki j ~12d ur u,0!ur u2D i j 1r i~0!d i , jd ur u,0

~79!

while in higher dimensions@d>2, see~77!# translational in-
variance is broken. This state of affairs has lead us to dis
guish in the discussions the one-dimensional case from
higher dimensional counterparts.

~i! We begin with one dimension (d51), wherer 5r a
[m2 l . Because of the translational invariance in the init
state, we expect the noninstantaneous correlation functio
depend onr 5m2 l , indeed,

^nm
A~ t !nl

A~0!&5^nr
A~ t !n0

A~0!&

5rA~`!~12e2ugAut!

1rA~0!e2(uBAut/2)mA
r I r~2CAt !

1KAA (
r 8Þ0

mA
r 2r 8ur 8u2DAAe2(uBAut/2)

3I r 2r 8~2CAt !, ~80!

^nm
A~ t !nl

B~0!&5rA~`!~12e2ugAut!

1KAB (
r 8Þ0

mA
r 2r 8ur 8u2DABe2(uBAut/2)

3I r 2r 8~2CAt !, ~81!

^nm
B~ t !nl

B~0!&5^nr
B~ t !n0

B~0!&

5rB~`!~12e2ugBut!

1rB~0!e2(uBBut/2)mB
r I r~2CBt !

1KBB (
r 8Þ0

mB
r 2r 8ur 8u2DBBe2(uBBut/2)

3I r 2r 8~2CBt !, ~82!

^nm
B~ t !nl

A~0!&5rB~`!~12e2ugBut!

1KBA (
r 8Þ0

mB
r 2r 8ur 8u2DBAe2(uBBut/2)

3I r 2r 8~2CBt !. ~83!

Notice that when mA,BÞ0, then ^nr
A,B(t)n0

A,B(0)&
Þ^n2r

A,B(t)n0
A,B(0)& because of the drift which is due to a

asymmetric Markov generatorH. Such a behavior has bee
observed in single-species one-dimensional free-fermio
models@19,18#.

~ii ! In higher dimensions (d>2), the initial state is no
longer translationally invariant and with~77!, ~78!, and~47!,
we find
03612
n-
its

l
to

ic

^nm
A~ t !nl

A~0!&5rA~`!~12e2dugAut!1rA~0!e2(duBAut/2)

3 )
a51, . . . ,d

m
A

ma2ma8 I ma2 l a
~2CAt !

1KAA (
(m18Þ l 1 , . . . ,md8Þ l d)

3 )
a51, . . . ,d

m
A

ma2ma8 uma82 l au2DAA
a

e2(uBAut/2)

3I ma2m
a8
~2CAt !, ~84!

^nm
A~ t !nl

B~0!&5rA~`!~12e2dugAut!1KAB

3 (
(m18Þ l 1 , . . . ,md8Þ l d)

)
a51, . . . ,d

m
A

ma2ma8

3uma82 l au2DAB
a

e2(uBAut/2)I ma2m
a8
~2CAt !,

~85!

^nm
B~ t !nl

B~0!&5rB~`!~12e2dugBut!1rB~0!

3e2(duBBut/2) )
a51, . . . ,d

m
B

ma2ma8

3I ma2m
a8
~2CBt !1KBB

3 (
(m18Þ l 1 , . . . ,md8Þ l d)

)
a51, . . . ,d

m
B

ma2ma8

3uma82 l au2DBB
a

e2(uBBut/2)I ma2m
a8
~2CBt !,

~86!

^nm
B~ t !nl

A~0!&5rB~`!~12e2dugBut!1KBA

3 (
(m18Þ l 1 , . . . ,md8Þ l d)

)
a51, . . . ,d

m
B

ma2ma8

3uma82 l au2DBA
a

e2(uBBut/2)I ma2m
a8
~2CBt !.

~87!

We see that in higher dimensions, because of the bro
symmetry of the initial state, the noninstantaneous corre
tion functions no longer depends onr a5ma2 l a . We can
study the asymptotic behavior of these noninstantaneous
relation functions in an unified way~including bothd51 and
d>2), namely forr a5ma2 l a , with ur au5uma2 l au;umau
@1, with r a5saL and ui5L2/4uCi ut,`, in the regime
where uCi ut,r @1, (i , j )P(A,B), the correlation functions
are given by
1-13
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^nm
i ~ t !nl

j~0!&5r i~`!~12e2dug i ut!1 expF2(
a

sa
2ui

2S rW2e i
W uCi ut

2uCi ut
D 2Ge2d[( uBi u/2)2uCi u(21e i

2/2)]t

3S r i~0!e2(
a

sa
2uid i , j

~4puCi ut !d/2
1Ki j )

a51, . . . ,d

3F e2sa
2ui

12D i j
a
Auisa

2

p

1

4ui uCi usa
2 tD i j

a /2G
1O~ t22d!D , 0,D i j

a ,1, ~88!

where we userW[(ar aea ande i
W[e i(aea . Moreover,

^nm
i ~ t !nl

j~0!&5r i~`!~12e2dug i ut!

1 expF2(
a

sa
2ui2S rW2e i

W uCi ut
2uCi ut

D 2G
3e2d[( uBi u/2)2uCi u(21e i

2/2)]t

3
1

~4puCi ut !d/2 S r i~0!e2(
a

sa
2uid i , j

1Ki j )
a51, . . . ,d

z~D i j
a !1O~ t22d! D ,

D i j
a .1. ~89!

When D i j
a 51, a crossover takes place and logarithmic c

rections arise, namely,

^nm
i ~ t !nl

j~0!&5r i~`!~12e2dug i ut!

1 expF2(
a

sa
2ui2S rW2e i

W uCi ut
2uCi ut

D 2G
3e2d[( uBi u/2)2uCi u(21e i

2/2)]t
1

~4puCi ut !d/2

3S r i~0!e2(
a

sa
2uid i , j1Ki j

3 )
a51, . . . ,d

ln~4uisauCi ut !

1O~ t22d! D , D i j
a 51. ~90!

Therefore, when the spatial correlations are important,
D i j

a ,1, correlation functions~at @(uBi u/2)2uCi u(21e i
2/2d)#

50) decay as
03612
-

.,

^nm
i ~ t !nl

j~0!&

;

expF2(
a

sa
2ui2S rW2e i

W uCi ut
2uCi ut

D 2G
~4puCi ut !(a

D i j
a /2

, D i j
a ,1.

~91!

On the contrary, weak spatial initial correlations do not
fect the long time behavior of correlation functions, since

^nm
i ~ t !nl

j~0!&

;

expF2(
a

sa
2ui2S rW2e i

W uCi ut
2uCi ut

D 2G
~4puCi ut !d/2

, D i j
a .1.

~92!

The marginal caseD i j
a 51 has logarithmic corrections

^nm
i ~ t !nl

j~0!&

;

expF2(
a

sa
2ui2S rW2e i

W uCi ut
2uCi ut

D 2G ~ ln 4uCi ut !d

~4puCi ut !d/2
,

D i j
a 51. ~93!

Notice the drift which occurs foreÞ0 and the effect of
dimensionality. The fact that initially the state is translatio
ally invariant (d51) gives rise to the asymptotic behavio
(t2d/2) as for the nontranslationally invariant system
higher dimensions (d>2).

V. INSTANTANEOUS TWO-POINT CORRELATION
FUNCTIONS ON THE MANIFOLD V2

We now pass to the computation of the two-point cor
lation function on the translation–invariant manifoldV2(d)
~21!. From ~17! and~18!, the evolution equations of correla
tion functions follow. We shall discuss both cases, when
initial state is correlated and when it is uncorrelated. W
shall evaluate

Gur u5un2mu
AA ~ t ![^nn

Anm
A&~ t ![^num2nu

A n0
A&~ t ![G r

AA~ t !,

Gur u5un2mu
BB ~ t ![^nn

Bnm
B&~ t ![^num2nu

B n0
B&~ t ![G r

BB~ t !,

Gur u5un2mu
AB ~ t ![^nn

Anm
B&~ t ![^nn

Bnm
A&~ t ![^num2nu

A n0
B&~ t !

[^num2nu
B n0

A&~ t ![G r
AB~ t ![G r

BA~ t ! ~94!

with the boundary conditions atr 50 @for the densities see
~57!#:

Gr 50
AA ~ t ![rA~ t !, Gr 50

BB ~ t ![rB~ t !, Gr 50
AB ~ t ![0.

~95!
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Notice that the pointur u51 must be dealt with care. Furthe
it will be convenient to distinguish the one-dimension
problem from that ind>2. In this section, in addition to the
definition of the Appendix A, we also introduce some sp
cific notations and abbreviations@see Appendix B, Eqs
~B1!–~B3!#. Let us start the discussion with one spatial
mension.

A. One-dimensional instantaneous two-point correlation
functions on V2„dÄ1…

On account of the above remarks and~17!, the equations
of motion for the correlation functions read (ur u.1)

d

dt
G r

AA~ t !5BAG r
AA~ t !1CA@Gr 11

AA ~ t !1Gr 21
AA ~ t !#1AArA~ t !

~96!
03612
l

-

-

while for ur u51, we have~18!,

d

dt
G 1

AA~ t !5~G1
a1BA/2!G 1

AA~ t !1CAG2~ t !1E0
a

1~F1
a1F2

a1AA/2!rA~ t !1~F3
a1F4

a!rB~ t !.

~97!

For r 50, we recover

d

dt
G 0

AA~ t !5
d

dt
rA~ t !5

AA

2
1S BA12CA

2 D rA~ t !. ~98!

The solution of the above set of coupled differential equ
tions ~96!–~98! can be expressed in terms of the modifi
Bessel functionsI n(z) ~see Appendix C!, and for ur u[un
2mu.0 we have
G r
AA~ t !2@rA~ t !#252@rA~0!e2ugAut#21S rA~0!1

D2,0
A 1D2,1

A 1D2,2
A

CA
De2uBAutI r~2CAt !1 (

r 8Þ0

Gr 8
AA

~0!e2uBAutI r 2r 8~2CAt !

1S D1,0
A 1

D2,0
A uBAu
CA

D E
0

t

dt e2uBAutI r~2CAt!1S D1,1
A 1

D2,1
A ~ uBAu2ugAu!

CA
De2ugAut

3E
0

t

dt e2(uBu2ugAu)tI r~2CAt!1S D2,2
A ~ uBAu2ugBu!

CA
De2ugButE

0

t

dt e2(uBAu2ugBu)tI r~2CAt!

2E
0

t

dt8 e2uBAu(t2t8)G 1
AA~ t8!F ~G1

a2BA/2!

CA

]

]t8
I r@2CA~ t2t8!#12CAI r@2CA~ t2t8!#G . ~99!

Similarly, we find

G r
BB~ t !2~rB~ t !!252@rB~0!e2ugBut#21S rB~0!1

D2,0
B 1D2,1

B 1D2,2
B

CB
De2uBButI r~2CBt !1 (

r 8Þ0

Gr 8
BB

~0!e2uBAutI r 2r 8~2CBt !

1S D1,0
B 1

D2,0
B uBBu
CB

D E
0

t

dt e2uBButI r~2CBt!1S D1,1
B 1

D2,1
B ~ uBBu2ugBu!

CB
De2ugBut

3E
0

t

dt e2(uBBu2ugBu)tI r~2CBt!1S D2,2
B ~ uBBu2ugAu!

CB
De2ugAut

3E
0

t

dt e2(uBBu2ugAu)tI r~2CBt!2E
0

t

dt8 e2uBBu(t2t8)G 1
BB~ t8!

3F ~G2
b2BB/2!

CB

]

]t8
I r@2CB~ t2t8!#12CBI r@2CB~ t2t8!!G , ~100!

and we also obtain

G r
AB~ t !2@rA~ t !rB~ t !#5@rA~`!rB~0!1rA~0!rB~`!2rA~`!rB~`!#e2ugA1gBut ~101!

1S D2,0
AB1D2,1

AB1D2,2
AB

CAB
De2uBAButI r~2CABt !1 (

r 8Þ0

Gr 8
AB

~0!e2uBAButI r 2r 8~2CABt !

1S D1,0
AB1

D2,0
ABuBABu
CAB

D E
0

t

dt e2uBAButI r~2CABt!

1S D1,1
A 1

D2,1
AB~ uBABu2ugAu!

CAB
De2ugAutE

0

t

dt e2(uBABu2ugAu)tI r~2CABt!
1-15
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1S D1,2
AB1

D2,2
AB~ uBABu2ugBu!

CAB
De2ugButE

0

t

dt e2(uBABu2ugBu)tI r~2CABt!

2E
0

t

dt8 e2uBABu(t2t8)G 1
AB~ t8!S H1

ab1H2
ab2A1

a2D2
b

CAB
D ]

]t8
I r@2CAB~ t2t8!#

22CABE
0

t

dt8 e2uBABu(t2t8)G 1
AB~ t8!I r@2CAB~ t2t8!#.
w

n

on

o

n
c-

re

n-

e
n.

d

To study the asymptotic behavior of these expressions,
shall distinguish two regimes:~i! long time, i.e.,uCj ut@1 and
large distances , i.e.,r;L@1 with the ratiosr 2/uCj ut,` and
ul[L2/4uCl ut,` hold finite, and~ii ! long time , i.e.,uCj ut
@1 and finite distances,r !L→` with r 2/uCj ut!1 andul
[L2/4uCl ut,`.

In order to investigate the effect of initial correlations o
the dynamics, we consider

G ur u.0
l ~0!5r i~0!r j~0!@12uk l u„sign~Cl !…

r r 2n l#, n l>0,
~102!

where@ l P(AA,BB,AB), i , j PA,B#.
Such a choice has been made for the one-dimensi

single-species symmetricA1A↔B1B process@21#. In
this section, we want to proceed with a systematic study
instantaneous correlations, on the manifoldV2(d51), with
the choice~102! for the initial state.

Below we shall use the incomplete gamma functio
G(n,u)[*u

`dx e2xxn21, as well as the Riemann zeta fun
tions z(n)5(k>1k2n, n.1. For notational simplicity, we
write n instead ofn l . The results for the asymptotics a
summarized as follows:

~1! For uBl u.2uCl u, the decay of correlations is expone
tial. With the definition

w j j [min~ ug j u,uBj u22uCj u!, ~103!

we have
~1a! for w j j 5ugAuÞuBj u22uCj u,

G r
j j ~ t !2G r

j j ~`!;e2ug j ut; ~104!

~1b! for w j j 5uBj u22uCj u.0 andGur u.0(0)Þ0,

G r
j j ~ t !2G r

j j ~`!;r j~0!2e2(uBj u22uCj u)t. ~105!

Note that in the case whereGr(0)50,;r , we have

G r
j j ~ t !2G r

j j ~`!;5
Q1~uj ,s!e2(uBj u22uCj u)t

A4puCj ut
if r !L

Q1~uj ,s!e2s2uj 2(uBj u22uCj u)t

A4puCj ut
if r @1,

~106!

whereQ1(uj ,s) is a function explicitly determined by th
processes which occur in the system under consideratio
03612
e

al

f

,

~1c! For uBj uÞ2uCj u, ug j 8Þ j u5uBj u22uCj u, ug j u.0, and
D1,2

j 12(signCj )D 2,2
j Þ0, we have

G r
j j ~ t !2G r

j j ~`!;H e2ug j ut if w j j 5ug j u

e2ug j 8Þ j utA t

puCj u
if w j j 5ug j 8Þ j u.

~107!

~1d! For uBj uÞ2uCj u, ug j u5uBj u22uCj u, ug j 8Þ j u.0, and
D 1,1

j 12(signCj )D 2,1
j Þ0, we have

G r
j j ~ t !2G r

j j ~`!;e2ug j utA t

puCj u
. ~108!

The correlation functionsG r
AB(t) have to be discusse

separately. With the definition

wAB[min~ ugAu,ugBu,uBABu22uCABu!, ~109!

~1e! for wAB5ugAuÞuBj u22uCj u, we have

G r
AB~ t !2G r

AB~`!;e2ugAut. ~110!

~1f! For wAB5ugBuÞuBABu22uCABu, we have

G r
AB~ t !2G r

AB~`!;e2ugBut. ~111!

~1g! For wAB5uBABu22uCABu.0 andG ur u.0
AB Þ0, we have

G r
AB~ t !2G r

AB~`!;rA~0!rB~0!e2(uBABu22uCABu)t.
~112!

Notice again that ifG r
AB(0)50,;r , we arrive at

G r
AB~ t !2G r

AB~`!

;5
Q1~uj ,s!e2(uBABu22uCABu)t

A4puCABut
if r !L

Q1~uAB ,s!e2s2uAB2(uBABu22uCABu)t

A4puCABut
if r @1,

~113!

whereQ1(uj ,s) is the same quantity as above.
~1h! For uBABuÞ2uCABu, ugAu5uBABu22uCABu, and D1,1

AB

12(signCAB)D2,1
ABÞ0, we have
1-16
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G r
AB~ t !2G r

AB~`!;H e2ugBut if wAB5ugBu

e2ugAutA t

puCABu
if wAB5ugAu.

~114!

~1i! For uBABuÞ2uCABu, ugBu5uBABu22uCABu, and D1,2
AB

12(signCAB)D2,2
ABÞ0, we have

G r
AB~ t !2G r

AB~`!;H e2ugAut if wAB5ugAu

e2ugButA t

puCABu
if wAB5ugBu.

~115!

~2! For uBl u52uCl u, the correlation functions decay alge
braically. It is appropriate to distinguish,r !L and r;L.
Again, s5r /L, l P(AA,BB,AB).
03612
In the regimer !L,

G r
l ~ t !2G r

l ~`!;5
F1~ul ,s,n!

~4uCl ut !n/2
if 0 ,n,1

@2z~n!1~4s2ul uCl ut !~12n!/2#

~4puCl ut !1/2
if n.1,

ln@4uCl uul~12s!t#

~4puCl ut !1/2
if n51,

~116!

where the following auxiliary function has been used:
en the

e.,
F1~u,s,n![
FGS 12n

2 D1GS 12n

2
,s2ul D2GS 12n

2
,ul~12s!2D2GS 12n

2
,ul~11s!2D G

A4p
, ~117!

while for r @1,r[sL;L, we find

G r
l ~ t !2G r

l ~`!;5
F2~ul ,s,n!

~4uCl ut !n/2
if 0 ,n,1

@~11e2s2ul !z~n!1~~12s!/s!~4s2ul uCl ut !~12n!/2#

~4puCl ut !1/2
if n.1

ln~4uCl uul t !

~4puCl ut !1/2
e2s2ul if n51,

~118!

with the auxiliary function

F2~ul ,s,n![
e2s2ul

~12n!
Auls

2

p
. ~119!

Notice that when the initial correlations are absent (n50),

G r
l ~ t !2G r

l ~`!;5
Q1~u,s!1O~1!

A4puCl ut
if Cl,0

Q1~u,s!

A4puCl ut
1F1~u,s,n!

r i~0!r j~0!~12uk l u!
8uCl ut

if r !L and Cl.0

e2s2ulQ1~u,s!

A4puCl ut
1F2~u,s,n!

r i~0!r j~0!~12uk l u!
8uCl ut

if r @1 and Cl.0,

~120!

whereQ1(u,s) has been defined previously.
From the above we infer that the initial conditions affect the asymptotic behavior of correlation functions only wh

latter decay algebraically~116!, ~118!, and ~120!. Provided the initial correlations are dominant (0,n l,1), the critical
exponent is renormalized, while for weak initial correlations (n l.1), the exponent is independent of initial correlations, i.
1/2. The intermediate regime,n l51, exhibits logarithmic dependence consistent with a marginal behavior.
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B. Two-point instantaneous correlation functions onV2„d… in arbitrary dimension

This section is devoted to the computation of correlation functions in arbitrary dimensions (d>2) on the manifoldV2(d).
With the notationsr 5(r 1 , . . . ,r a , . . . ,r d), ur u5A(ar a

2 ~sometimes denoted byr, for notational simplicity! and r a
6

[A(r a61)21(aÞa8r a8
2 , solving the multidimensional equations of motion of the correlation functions~see Appendix D!, we

arrive at the following explicit forms:

Gur u5u(r 1 , . . . ,r d)u.0
AA ~ t !2@rA~ t !#2

52@rA~0!#2e22ugAudt1S CArA~0!1D2,0
A 1D2,1

A 1D2,2
A

CA
D )

a51, . . . ,d
@e2uBAutI r a

~2CAt !#

1 (
r 8Þ0

Gur 8u
AA

~0! )
a51, . . . ,d

@e2uBAutI r a2r
a8
~2CAt !#1S D1,0

A 1
D2,0

A uBAud
CA

D E
0

t

dt )
a51, . . . ,d

@e2uBAutI r a
~2Ct!#

1S D1,1
A 1d

D2,1
A ~ uBAu2ugAu!

CA
De2dugAutE

0

t

dt e2d(uBAu2ugAu)t )
a51, . . . ,d

I r a
~2CAt!

1dD2,2
A e2dugButS uBAu2ugBu

CA
D E

0

t

dt e2d(uBAu2ugBu)t )
a51 . . .d

I r a
~2CAt!

2E
0

t

dt8 G1~ t8!e2duBAu(t2t8)S 2CAd )
a51, . . . ,d

I r a(2CA(t2t8))1
G1

a2BA/2

CA

]

]t8
)

a51, . . . ,d
I r a

@2CA(t2t8)# D , ~121!

we also have

Gur u5u(r 1 , . . . ,r d)u.0
BB ~ t !2@rB~ t !#2

52@rB~0!#2e22ugBudt1S CBrA~0!1D2,0
B 1D2,1

B 1D2,2
B

CB
D )

a51, . . . ,d
@e2uBButI r a

~2CBt !#

1 (
r 8Þ0

Gur 8u
BB

~0! )
a51, . . . ,d

@e2uBButI r a2r
a8
~2CBt !#

1S D1,0
B 1

D2,0
B uBBud

CB
D E

0

t

dt )
a51, . . . ,d

@e2uBButI r a
~2CBt!#

1S D1,1
B 1d

D2,1
B ~ uBBu2ugBu!

CB
De2dugButE

0

t

dt e2d(uBBu2ugBu)t )
a51, . . . ,d

I r a
~2CBt!

1dD2,2
B e2dugAutS uBBu2ugAu

CB
D E

0

t

dt e2d(uBBu2ugAu)t )
a51, . . . ,d

I r a
~2CBt!

2E
0

t

dt8 G1~ t8!e2duBBu(t2t8)S 2CBd )
a51, . . . ,d

I r a[2CB(t2t8)]1
G2

b2BB/2

CB

]

]t8
)

a51, . . . ,d
I r a

@2CB(t2t8)# D , ~122!

and

Gur u5u(r 1 , . . . ,r d)u.0
AB ~ t !2@rA~ t !rB~ t !# ~123!

52@rA~`!rB~0!1rA~0!rB~`!2rA~`!rB~`!#e2ugA1gBudt2@rA~0!rB~0!#e2d(ugAu1ugBu)t

1S D2,0
AB1D2,1

AB1D2,2
AB

CAB
D )

a51, . . . ,d
@e2uBAButI r a

~2CABt !#1 (
r 8Þ0

Gur 8u
AB

~0! )
a51, . . . ,d

@e2uBAButI r a2r
a8
~2CABt !#

1S D1,0
AB1

D2,0
ABuBABud

CAB
D E

0

t

dt )
a51, . . . ,d

@e2uBAButI r a
~2CABt!#
036121-18
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1S D1,1
AB1d

D2,1
AB~ uBABu2ugAu!

CAB
De2dugAutE

0

t

dt e2d(uBABu2ugAu)t )
a51, . . . ,d

I r a
~2CABt!

1FD1,2
AB1dD2,2

ABS uBABu2ugBu
CAB

D Ge2dugButE
0

t

dt e2d(uBABu2ugBu)t )
a51 . . . d

I r a
~2CABt!

2E
0

t

dt8 G1~ t8!e2duBABu(t2t8)S 2CABd )
a51, . . . ,d

I r a
[2CAB(t2t8)]

1
H1

ab1H2
ab2A1

a2D2
b

CAB

]

]t8
)

a51 . . .d
I r a

[2CAB(t2t8)] D .
al

by
is

e

n

Notice that these expression are valid, onV2(d), in arbitrary
dimension and settingd51 we recover the one-dimension
expressions of the preceding section.

We assume here that the initial state is characterized
random, translationally invariant, but uncorrelated initial d
tribution, i.e.,G ur u.0

l (0)5r i(0)r j (0).
The asymptotic behavior is obtained similarly to the on

dimensional case whenuCl ut@1 with ul5L2/4uCl ut.
~1! For uBl u.2uCl u, the decay of the correlation functio

is exponential,
03612
a
-

-

w j j [min~ ug j u,uBj u22uCj u!. ~124!

~1a! If w j j 5ugAuÞuBj u22uCj u, we have

G r
j j ~ t !2G r

j j ~`!;e2dug j ut. ~125!

~1b! If w j j 5uBj u22uCj u.ug j u andG rÞ0
j j (0)Þ0, we have

G r
j j ~ t !2G r

j j ~`!;e2d(uBj u22uCj u)t. ~126!

Finally, note that providedGrÞ0(0)50, we find
G r
j j ~ t !2G r

j j ~`!;5
Q2~uj ,sa!e2(uBj u22uCj u)t

~4puCj ut !d/2
if r !L

Q2~uj ,sa!expS 2(
a

sa
2uj2~ uBj u22uCj u!t D

~4puCj ut !d/2
if r @1,

~127!

whereQ2(uj ,sa) is a known function determined by the processes occurring in the model under consideration.
~1c! If uBj uÞ2uCj u, ug j 8Þæu5uBj u22uCj u, ug j u.0, andD 1,2

j 12(signCj )D 2,2
j Þ0, we have

G r
j j ~ t !2G r

j j ~`!;5
e2dug j ut if w j j 5ug j u

e2ug j 8Þ j utA t

puCj u
if w j j 5ug j 8Þ j u

e22ug j 8Þ j ut ln t if w j j 5ug j 8Þ j u andd52

e2dug j 8Þ j ut~4puCj ut !12d/2 if w j j 5ug j 8Þ j u andd>3.

~128!
ith
~1d! If uBj uÞ2uCj u, ug j u5uBj u22uCj u, ug j 8Þ j u.0, and
D 1,1

j 12(signCj )D 2,1
j Þ0, we have

G r
j j ~ t !2G r

j j ~`!;5 e2ug j utA t

puCj u
if d51

e22ug j ut ln t if d52

e2dug j ut~4puCj ut !12d/2 if d>3.
~129!
The functionsG r
AB(t) requires a separate discussion. W

the definition ofwAB

wAB[min~ ugAu,ugBu,uBABu22uCABu!.

~1e! If wAB5ugAuÞuBj u22uCj u, we have

G r
AB~ t !2G r

AB~`!;e2dugAut. ~130!

~1f! If wAB5ugBuÞuBABu22uCABu, we have
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G r
AB~ t !2G r

AB~`!;e2dugBut. ~131!

~1g! If wAB5uBABu22uCABuÞugA,Bu.0 andGrÞ0(0)Þ0,
we have

G r
AB~ t !2G r

AB~`!;e2d(uBABu22uCABu)t. ~132!

Again, whenG rÞ0
AB (0)50,;r , we arrive at

G r
AB~ t !2G r

AB~`!

;5
Q2~uAB ,sa!e2d(uBABu22uCABu)t

~4puCABut !d/2
if r !L

Q2~uAB ,sa!e2duAB2d(uBABu22uCABu)t

~4puCABut !d/2
if r @1,

~133!

whereQ2(uAB ,sa) has been defined previously.
~1h! If uBABuÞ2uCABu, ugAu5uBABu22uCABu, and D1,1

AB

12(signCAB)D2,1
ABÞ0, we have
03612
G r
AB~ t !2G r

AB~`!

;5
e2dugBut if wAB5ugBu

e2ugAutA t

puCABu
if wAB5ugAu andd51

e22ugAut ln t if wAB5ugAu andd52

e2dugAut~4puCABut !12d/2 if wAB5ugAu andd>3.

~134!

~1i! If uBABuÞ2uCABu, ugBu5uBABu22uCABu, and D1,2
AB

12(signCAB)D2,2
ABÞ0, we have

G r
AB~ t !2G r

AB~`!

;5
e2dugAut if wAB5ugAu

e2ugButA t

puCABu
if wAB5ugBu andd51

e2ugBut ln t if wAB5ugBu andd52

e2ugBut~4puC ABtu12d/2! if wAB5ugBu andd>3.

~135!

~2! For uBl u52uCl u, the decay of correlation functions i
algebraic. We distinguish the regimer !L, from that where
r;L (s5r /L, l P(AA,BB,AB).

In the limit r !L,
G r
l ~ t !2G r

l ~`!;5
e(

a

sa
2ur i~0!r j~0!

~4puCl ut !d/2
if Cl,0

Q2~ul ,sa!

~4puCl ut !d/2
1

r i~0!r j~0! )
a51, . . . , d

F1,a~ul ,sa ,n50!

8uCl ut
if Cl.0,

~136!

with the definition of the following auxiliary functions:

F1,a~u,sa ,n![
FGS 12n

2 D1GS 12n

2
,sa

2ul D2GS 12n

2
,ul~12sa!2D2GS 12n

2
,ul~11sa!2D G

A4p
. ~137!

In the regime wherer @1,r a[saL;L, we find

G r
l ~ t !2G r

l ~`!;5
e(

a
sa

2ur i~0!r j~0!

~4puCl ut !d/2
if Cl,0

Q2~ul ,sa!

~4puCl ut !d/2
1

r i~0!r j~0! )
a51, . . . ,d

F2,a~ul ,sa ,n50!

8uCl ut
if Cl.0,

~138!

with the auxiliary functions defined as

F2,a~ul ,sa ,n![
e2sa

2ul

12n
Aulsa

2

p
. ~139!
1-20
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Notice that settingGr(0)50,;r , leads to

G r
l ~ t !2G r

l ~`!;5
Q2~ul ,sa!

~4puCj tu!d/2
if r !L

Q2~ul ,sa!e2(
a

sa
2ul

~4puCj tu!d/2
if r @1,

~140!

where the functionQ2(u,s) is as above.
We see that for the uncorrelated initial state under con

eration, the dimensionality of the problem has a nontriv
effect on the dynamics. In fact, in the critical regime~138!
and~140!, whend.2 the correlation functions decay ast21

instead oft21/2, as in lower dimensions. We further rema
that also in the massive case, the dimensionality of the mo
can have particular nontrivial effects on the asymptotic
gime @see, e.g., Eqs.~128!, ~129!, ~134!, and ~135!#. Let us
conclude by noting that all results obtained in this section
compatible and in agreement with the previous o
dimensional results.

VI. CONCLUSIONS

In this technical paper, we have classified the solutions
the two-species bimolecular diffusion-limited reaction mo
els and have been able to obtain exact and explicit res
namely the following.

~i! The Fourier-Laplace transform of the density and
the noninstanateous two-point correlation functions~dy-
namic form factors! on a 56-parameters space, in arbitra
dimensions.

~ii ! Exact computation, in arbitrary dimensions, of t
density on a 50-parameters manifold for various initial co
ditions.
03612
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Exact computation of the noninstantaneous two-point c
relation functions on a 50-parameters manifold for uncor
lated homogeneous, but random, initial states as well as
initially correlated states, in arbitrary dimensions.

~iii ! Exact results for the instantaneous two-point corre
tion functions on a translationally invariant 31-paramet
space manifold in arbitrary dimensions.

~iv! Exploring the various classes of solutions for the on
and two-point correlation functions, we have seen in r
space and time that there are essentially two regimes, a m
sive one and an algebraic one for the density and two-p
correlation functions. For noninstantaneous correlation fu
tion we have pointed out that a drift can occur due to
asymmetry of the reaction-rates characterizing the stocha
Hamiltonian. We have also shown that when initial corre
tions are strong enough, the critical exponents in
asymptotic regime are renormalized while for weak init
correlations, the long-time behavior is insensitive to and
dependent of the initial state.

Our approach applied on three-states models~of hard-core
particles! is in a sense complementary to previous rigoro
results @15# ~see the end of Sec. III! and allows to study
exactly physical models such as athree-statesgrowth model
@10#. From our analysis, it follows~alternatively, using the
Rauth–Hurwitz conditions and simple algebra! that in arbi-
trary dimensions, two-species models belonging to the c
of soluble models discussed here, do not exhibit phase t
sitions, nor pattern formation. This has led us toconjecture
that such a property holds true, insoluble models ~in the
sense discussed here! for an arbitrary number of speciess
and in arbitrary dimensions.

ACKNOWLEDGMENT

The support of Swiss National Fonds is gratefully a
knowledged.
APPENDIX A: DEFINITIONS AND ABBREVIATIONS

In this appendix we introduce the definitions which are adopted throughout the paper. In~19! and in the following, we have
used these notations:

A0
a[G00

101G00
111G00

12, A1
a[G10

101G10
111G10

122A0
a , A2

a[G01
101G01

111G01
122A0

a , B1
a[G20

101G20
111G20

122A0
a ,

B2
a[G02

101G02
111G02

122A0
a , C0

a[G00
011G00

111G00
21, C1

a[G10
011G10

111G10
212C0

a ,

C2
a[G01

011G01
111G01

212C0
a , D1

a[G20
011G20

111G20
212C0

a , D2
a[G02

011G02
111G02

212C0
a , A0

b[G00
201G00

211G00
22,

~A1!
A1

b[G10
201G10

211G10
222A0

b , A2
b[G01

201G01
211G01

222A0
b , B1

b[G20
201G20

211G20
222A0

b , B2
b[G02

201G02
211G02

222A0
b ,

C0
b[G00

021G00
121G00

22, C1
b[G10

021G10
121G10

222C0
b , C2

b[G01
021G01

121G01
222C0

b ,

D1
b[G20

021G20
121G20

222C0
b , D2

b[G02
021G02

121G02
222C0

b .

Further we also use the following notations:

E0
a[G00

11, E0
b[G00

22, E0
ab[G00

12, E0
ba[G00

21, F1
a[G10

112G00
11, F1

b[G10
222G00

22, ~A2!

F1
ab[G10

122G00
12, F1

ba[G10
212G00

21, F2
a[G01

112G00
11, F2

b[G01
222G00

22, F2
ab[G01

122G00
12, F2

ba[G01
212G00

21,

F3
a[G20

112G00
11, F3

b[G20
222G00

22, F3
ab[G20

122G00
12, F3

ba[G20
212G00

21, F4
a[G02

112G00
11, F4

b[G02
222G00

22,
1-21
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F4
ab[G02

122G00
12, F4

ba[G02
212G00

21, G1
a[G00

111G11
112G01

112G10
11, G1

b[G00
221G11

222G01
222G10

22,

G1
ab[G00

121G11
122G01

122G10
12, G1

ba[G00
211G11

212G01
212G10

21, G2
a[G00

111G22
112G02

112G20
11,

G2
b[G00

222G02
222G20

222G22
22, G2

ab[G00
121G22

122G02
122G20

12, G2
ba[G00

211G22
212G02

212G20
21,

H1
a[G21

111G00
112G01

112G20
11, H2

a[G00
111G12

112G10
112G02

11, H1
b[G21

221G00
222G01

222G20
22,

H2
b[G00

221G12
222G10

222G02
22, H2

ab[G00
121G12

122G02
122G10

12,

H2
ba[G00

211G12
212G02

212G10
21, H1

ab[G00
121G21

122G20
122G01

12, H1
ba[G00

211G21
212G20

212G01
21.

Notice that in the expressions above, Eqs.~A1! and ~A2!, the ratesGab
ab have not been made explicit for brevity.

APPENDIX B: DEFINITIONS FOR SEC. V

In Sec. V, in addition to~A1! and ~A2!, we will also use the following additional definitions :

AA[2~A0
a1C0

a!, BA[2~A1
a1C2

a!, CA[A2
a1C1

a ,

D1,0
A [

AAd

2
2S BA

2
2CA1AADdrA~`!, D1,1

A [S BA

2
2CA1AADd@rA~`!2rA~0!#, ~B1!

D2,0
A [E0

a1S F1
a1F2

a2
AA

2
2CAD rA~`!1~F3

a1F4
a!rB~`!, D2,1

A [S F1
a1F2

a2
AA

2
2CAD @rA~0!2rA~`!#,

D2,2
A [~F3

a1F4
a!@rB~0!2rB~`!#,

AB[2~A0
b1C0

b!, BB[2~B1
b1D2

b!, CB[B2
b1D1

b ,

D1,0
B [

ABd

2
2S BB

2
2CB1ABDdrB~`!, ~B2!

D1,1
B [S BB

2
2CB1ABDd@rA~`!2rA~0!#,

D2,0
B [E0

b1~F1
b1F2

b!rA~`!1S F3
a1F4

a2
AB

2
2CBD rB~`!, D2,1

B [S F3
b1F4

b2
AB

2
2CBD @rB~0!2rB~`!#,

D2,2
B [~F1

b1F2
b!@rA~0!2rA~`!#,

and

AAB,1[AB/2, AAB,2[AA/2, BAB[
~BA1BB!

2
, CAB[A2

a1D1
b5B2

b1D1
b ,

D1,0
AB[2@A 1

ABrA~`!1A 2
ABrB~`!#d, D1,1

AB[2A 1
AB@rA~0!2rA~`!#d, ~B3!

D1,2
AB[2A 2

AB@rB~0!2rB~`!#d, D2,0
AB[E0

ab1~F1
ab1F2

ab2C0
b!rA~`!1~F3

ab1F4
ab2A0

a!rB~`!,

D2,1
AB[~F1

ab1F2
ab2C0

b!@rA~0!2rA~`!#, D2,2
AB[~F3

ab1F4
ab2C0

b!@rB~0!2rB~`!#,

whererA(`)5@(A0
a1C0

a)/2ugAu# andrB(`)5@(A0
b1C0

b)/2ugBu#, as in Sec. III.

APPENDIX C: ONE-DIMENSIONAL TWO-POINT CORRELATION FUNCTION ON V2, THE EQUATIONS OF MOTION
AND THEIR SOLUTIONS

In one dimension the equations of motion~96!–~98! of the correlation functions can be written as an unique differe
equation:
036121-22
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d

dt
G r

AA~ t !5BAG r
AA~ t !1CA@Gr 11

AA ~ t !1Gr 21
AA ~ t !#1AArA~ t !1~D1,0

A 1D1,1
A egAt!d r ,01~D2,0

A 1D2,1
A egAt

1D2,2
A egBt!~d r ,11d r ,21!1@~G1

a2BA/2!~d r ,11d r ,21!22CAd r ,0#G 1
AA~ t !. ~C1!

The solution is

G r
AA~ t !2@rA~ t !#252@rA~0!e2ugAut#21rA~0!e2uBAutI r~2CAt !1 (

r 8Þ0

Gr 8
AA

~0!e2uBAutI r 2r 8~2CAt !

1E
0

t

dt8 e2uBAu(t2t8)
„D1,0

A I r@2CA~ t2t8!#1D2,0
A $I r 11@2CA~ t2t8!#1I r 21@2CA~ t2t8!#%…

1D1,1
A E

0

t

dt8 e2uBAu(t2t8)e2ugAut8I r@2CA~ t2t8!#

1E
0

t

dt8 e2uBAu(t2t8)~D2,1
A e2ugAut81D2,2

A e2ugBut8!$I r 11@2CA~ t2t8!#1I r 21@2CA~ t2t8!#%

1E
0

t

dt8 e2uBAu(t2t8)G 1
AA~ t8!„~G1

a2BA/2!$I r 11@2CA~ t2t8!#1I r 21@2CA~ t2t8!#

22CAI r@2CA~ t2t8!#%…. ~C2!

Similarly for theB–B correlation functions we get

d

dt
G r

BB~ t !5BBG r
BB~ t !1CB@Gr 11

BB ~ t !1Gr 21
BB ~ t !#1ABrB~ t !1~D1,0

B 1D1,1
B egBt!d r ,01~D2,0

B 1D2,1
B egBt1D2,2

B egAt!

3~d r ,11d r ,21!1@~G2
b2BB/2!~d r ,11d r ,21!22CBd r ,0#G 1

BB~ t ! ~C3!

and for theA–B correlation function, we have

d

dt
G r

AB~ t !5BABG r
AB~ t !1CAB@Gr 11

AB ~ t !1Gr 21
AB ~ t !#1AAB,1rA~ t !1AAB,2rB~ t !1~D1,0

AB1D1,1
ABegAt1D1,2

ABegBt!d r ,0

1~D2,0
AB1D2,1

ABegAt1D2,2
ABegBt!~d r ,11d r ,21!1@„H1

ab1H2
ab2~A1

a1D2
b!…~d r ,11d r ,21!22CABd r ,0#G 1

AB~ t !.

~C4!

Equations~C3! and~C4! are solved in a similar way as~C2!. The above expressions forG r
i j (t), (i , j )P(A,B) can be rewritten

in a more compact form~99!–~101! using the properties of the modified Bessel functionsI n(z).

APPENDIX D: CORRELATION FUNCTIONS ON V2 IN ARBITRARY DIMENSION. THE EQUATIONS OF MOTION
AND THEIR SOLUTIONS

The equations of motion are the higher dimensional counterparts of the previous equations~C1!–~C4!, i.e.,

d

dt
Gur u5u(r 1 , . . . ,r d)u

AA ~ t !5BAdG r
AA~ t !1CA(

a
@G r

a
1

AA
~ t !1G r

a
2

AA
~ t !#1dAArA~ t !1~D1,0

A 1D1,1
A edgAt! )

a51 . . .d
d r a,0

1~D2,0
A 1D2,1

A edgAt1D2,2
A edgBt!(

a
~d r a ,ea1d r a ,2ea! )

a8Þa

d r a8,0

1F ~G1
a2BA/2!(

a
~d r a ,ea

1d r a ,2ea
! )
a8Þa

d r a8,022CAd )
a51 . . .d

d r a,0GGur u51
AA ~ t !, ~D1!

and

d

dt
Gur u5u(r 1 , . . . ,r d)u

BB ~ t !5BBdG r
BB~ t !1CB(

a
@G r

a
1

BB
~ t !1G r

a
2

BB
~ t !#1dABrB~ t !1~D1,0

B 1D1,1
B edgBt! )

a51, . . . ,d
d r a,0
036121-23
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1~D2,0
B 1D2,1

B edgBt1D2,2
B edgAt!(

a
~d r a ,ea1d r a ,2ea! )

aÞa8
d r a8,0

1F ~G2
b2BB/2!(

a
~d r a ,ea

1d r a ,2ea
! )
aÞa8

d r a8,022CBd )
a51, . . . ,d

d r a,0GGur u51
AA ~ t ! ~D2!

and also

d

dt
Gur u5u(r 1 , . . . ,r d)u

AB ~ t !5BABdG r
AB~ t !1CAB(

a
@G r

a
1

AB
~ t !1G r

a
2

AB
~ t !#1dAAB,1rA~ t !1dAAB,2rB~ t !

1~D1,0
AB1D1,1

ABedgAt1D1,2
ABedgBt! )

a51, . . . ,d
d r a,01~D2,0

AB1D2,1
ABedgAt1D2,2

ABedgBt!(
a

~d r a ,ea1d r a ,2ea!

3 )
aÞa8

dra8,0
1F ~H1

ab1H2
ab2A1

a2D2
b!(

a
~d r a ,ea

1dra ,2ea
! )
aÞa8

dra8,0
22CABd )

a51, . . . ,d
d r a,0GGur u51

AB ~ t !.

~D3!
The solution of~D1! is

Gur u5u(r 1 , . . . ,r d)u
AA ~ t !2@rA~ t !#2

52@rA~0!#2e22ugAudt1rA~0!e2uBAudt )
a51, . . . ,d

I r a
~2CAt !1 (

r 8Þ0

Gur 8u
AA

~0!e2uBAudt

3 )
a51, . . . ,d

I r a2r
a8
~2CAt !1E

0

t

dt8 e2uBAud(t2t8)D1,0
A )

a51, . . . ,d
I r a

@2CA~ t2t8!#1D2,0
A E

0

t

dt8 e2uBAud(t2t8)

3(
a F )

a8Þa

I r a8
@2CA~ t2t8!#G „I r a11@2CA~ t2t8!#1I r a21@2CA~ t2t8!#…

1E
0

t

dt8 e2uBAud(t2t8)D1,1
A e2ugAudt8 )

a51, . . . ,d
I r a

@2CA~ t2t8!#1E
0

t

dt8 e2uBAud(t2t8)

3~D2,1
A e2ugAudt81D2,2

A e2ugBudt8!(
a F )

a8Þa

I r a8
@2CA~ t2t8!#G @ I r a11~•••!1I r a21~••• !#

1E
0

t

dt8 e2uBAud(t2t8)Gur u51
AA ~ t8!~G1

a2BA/2!(
a F )

a8Þa

I r a8
@2CA~ t2t8!#G @ I r a11~••• !1I r a21~••• !#

22CAdE
0

t

dt8e2uBAud(t2t8)Gur u51
AA ~ t8! )

a51, . . . ,d
e2uBAud(t2t8)I r a

@2CA~ t2t8!#, ~D4!

where the abbreviated notation (•••) instead of@2CA(t2t8)# has been used. Other correlation functionsG ur u
BB(t) andG ur u

AB(t)
are obtained in a similar way. Properties of the Bessel functions and elementary manipulations lead to the more comp
~121!–~123!.
e,

-

,
.
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